
of hea t - t r ans fe r  agenti F~ a rea  of c ro s s  section; V, volume; ~, hea t - removal  coefficiens q, heat-flux deuxity. 
Indices:  h, heater;  c, condensation; T, t ranspor t ;  w, wick; eft, effective; t, theory,  ex, e~cperimental; wall, wall. 
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HEAT TRANSFER IN A TOROIDAL VESSEL 

PARTLY FILLED WITH LIQUID 

Yuo A. K i r i c h e n k o  and Zh. A. Suprunova UDC 536.242 

Measurements  a r e  reported on heat t r ans f e r  for  a toroidal  vessel  part ly filled with liquid 
oxygen, nitrogen, o r  hexane for  a constant heat-flux density at the boundary. 

Long- te rm s torage  of cryogenic  liquids has made it neces sa ry  to study p rocesses  due to external heat 
leaks that occur  in vessels  filled with such liquids+ The final resul t  f rom such studies should be recommenda-  
tions on calculating the tempera ture  distr ibution and p r e s s u r e  increase  in such a vessel .  

Here we repor t  studies on the heat t r ans fe r  in a toroidal vessel  filled with liquid oxygen, nitrogen, o r  
hexane for  a constant  heat-flux density at the casing.  

The measuremen t s  were  made on two toroidal  vessels  in which the small  and large radii  of the to ro ids  
were,  respect ively,  r 1 = 0.072 m, r 2 = 0.125 m and r I = 0.096 m, r z = 0.175 m; the ma jo r  p roce s s  p a r a m e t e r s  
were  varied over  the following ranges:  heat-flux density q = 15-300 W/m2; reduced initial t empera tu re  To/ 
Tc = 0.46-0.64; and liquid filling fac tor  m = V l / V  = 0.17-0.90. The working technique has previously  been 
descr ibed [1]. 

The p rocess  occurs  in the following sequence [2, 3]. When the heat flux begins to be supplied to the 
wa l l - l iqu id  boundary, we obtain a boundary l ayer  within which the liquid moves along the heated wall upward 
to the phase interface.  The r is ing cu r ren t s  produce eddies near  the surface of the liquid, which involve down- 
ward liquid flow. The flow is closed within the body of the liquid. The t ime T, needed to produce the f i rs t  
closed cycle  has been interpreted [3] as the t ime needed to complete stage I (the internal t ransi t ional  state). 
We nowcons ide r the  details of the t empera tu re  distribution for each of the success ive  states.  Figure 1 shows 
the t empera tu re  difference between the free surface and the lower region of uniform tempera tu re  as a function 
of t ime, ~s--~o = f0"); the initial sect ion is close to linear,  while the la t ter  sect ion follows the law ~ s - $ o  ~T ~ 
which is ul t imately followed by a horizontal par t .  Figure la  shows that the rate of development of the t empe r -  
a ture  differential dec reases  as time passes .  A compar ison  has been made [4] of the t ime for  t ransi t ion f rom 
the l inear  par t  ~ s - ~  o =fff) to the ~ s - ~  o ~ ~" 0.5 par t  with the t ime "r, [3]. The relationship between these t imes 
indicates that the instant of t ransi t ion f rom the l inear  par t  of ~S--~o=f(T) to ,~S--~ o ~T ~ represents  thebound- 
a ry  between modes I and II, namely, T, .  The instant ~-,. of t ransi t ion f rom ds--,~ o ~T ~ to '~S--'~O =COnst can 
be considered as the boundary between states II and III, which cor responds  to the onset of a quasis ta t ionary 
state. 

Cryogenic  Technica l -Phys ics Ins t i tu te ,  Academy of Sciences of the Ukrainian SSR, Khar'kov. Trans -  
lated f rom Inzhenerno-Fiz tcheski i  Zhurnal, Vol. 35, No. 1, pp. 54-61, July, 1978. Original ar t ic le  submitted 
June 17, 1977. 
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Fig. 1. Maximal  ve r t i ca l  t e m p e r a t u r e  d i f ference  in the liquid 
as  a function of t ime  at  var ious  s tages :  a) r1=0.072 m,  m=0 . 87 ,  
q=28 .3  W/m2,n i t rogenT0=77 .2  ~ b) r1=0.072 m,  m=0 . 32 ,  q=  
28.3 W / m  2, ni t rogen T0=77.2~ r ,  sec;  (~s--~o), dog. 

If only a smal l  f rac t ion  of the volume is filled (In < 0.5), t he re  is no p a r t  where  ~ s - & o  ~to '5  appl ies  
(Fig. lb).  

We cons ider  the thermodynamic  re la t ions  that  re f lec t  the s ta te  of the s y s t e m  as  a whole [5] in o r d e r  
to define a s y s t e m  of  s im i l a r i t y  c r i t e r i a  that  de sc r ibe  the p roce s s ;  we combine  these  equations with the equa-  
t ions of mot ion  and energy.  In the internal  t rans i t iona l  s ta te ,  the t e m p e r a t u r e  d is t r ibut ion  in the liquid is 
c lose  to i so the rmal ,  and the m a x i m u m  deviat ion f r o m  the sa tura t ion  t e m p e r a t u r e  nea r  the bot tom does not 
exceed 4%. F r o m  the the rmodynamic  viewpoint,  the p r o c e s s  is of i sochor ic  type occur r ing  under  conditions 
c lose  to equi l ibr ium. In that  case ,  the re levant  equation is 

aQ = dU = MC~dr,, (1) 

where  Cx=C t + x ( C " - C ' )  is the heat  capaci ty  of the sy s t em containing wet vapor  and M is the equivalent m a s s  
of the sys t em.  

We r ewr i t e  (1) in the following f o r m  [6]. ~ 

qS = MC x clT"s - Vp e (C' -}- x (C" - -  C') dTs = 
dx d'r 

= V P e [ C  p %. ( l - - m ) p " ( O L  L 1] dT. (2) 
Pe OT, T s dr 

In (2), L, Cx, and Pe r e f e r  to the initial t e m p e r a t u r e  in the s y s t e m  To, the l a s t  of these  being the equivalent  
densi ty  Pe = rap '  + ( l -m)pW,  while the specif ic  heat  of the liquid on the sa tu ra t ion  line is t aken  as  approx ima te ly  
equal to the specif ic  heat  at  constant  p r e s s u r e ,  C'  -~ Cp [6]. Reduction of (2) to d imens ion less  f o r m  gives  us a 
s e r i e s  of d imens ion less  re la t ions:  

H o . =  q~,S x ( g " - - C p )  ~ =  �9 , @= @ . 
VCprn P'To ' Cp ' z-.- T0 (3) 

We take T O as  the sca le  for  the t e m p e r a t u r e  s ince it re f lec t s  the initial s ta te  of the sys t em,  while the sca le  
fo r  the t ime  is v . ,  namely,  the t ime  needed to comple te  s tage I. If we neglect  the m a s s  of the vapor  in Pe 
and put Pe -- rap ' ,  we can  conver t  (3) to 

H o . =  qx ,  ( l - - rn )p"  ( OL L ) ,  ~ ,~ .  (3a) 
lmCp p'T 0 " m p" Cp dT 8 T s 

It follows f r o m  (3) o r  (3a) that  the wall  t e m p e r a t u r e  as  a function of t ime  in s tage  I can  be put as  

, H o , ,  Cp " 

The re la t ive  t ime  for  product ion of the c i rcu la t ion  F o . = a T . / l  2 can  be exp re s sed  as a function of the 
genera l ized  va r i ab les  obtained by reducing the t r a n s p o r t  equations to d imens ion less  f o r m  in conjunction with 
the uniqueness condit ions.  The following genera l  re la t ionship  for  F o ,  was der ived by p roces s ing  the expe r i -  
menta l  data:  

where  Pe/Pc is a p a r a m e t r i c  c r i t e r i on  ref lect ing the the rmodynamic  s ta te  of the sys t em.  

It follows f r o m  (4) and (5) that the following s imi l a r i t y  numbers  a r e  the mos t  impor tan t  in descr ib ing  
the t e m p e r a t u r e  dis t r ibut ion:  
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Ra* ql4g~ Pr = ~' x (C" -- Cp) Pe = - - ,  - - ,  , m, ~ ,  
va~, a C, Pc 

q~, , (~= ~ ~ x mHo,  _ q / ,  
Ho,= mlCpCro -~o' : "t:--~' Kt Fo------~ )~T o 

(6) 

w h e r e  K t =ql/hT o is a p a r a m e t r i c  c r i t e r i o n  r e p r e s e n t i n g  the r a t io  be tween  the t e m p e r a t u r e  s ca l e s  f o r  the  heat  
t r a n s f e r  (q//X) and the  t h e r m o d y n a m i c  t e m p e r a t u r e  T 0. Then  K t a l lows us to t r a n s f o r m  (6) to 

R a * =  qPg ~ , P r =  v , x (C"- -Cp)  , m, Pc_, (6a) 
v a L  a Cp Pc 

aT = q.___~_/ 
ax, ~ =  ~ '  ~ - = F o =  - -  K t Fo, = 12 ' 7 '  l 2 ' ~,T0 

The s y s t e m  (6) o r  (6a) f o r  the init ial  s t age  was  then  used to  p r o c e s s  the data for  the  l a t e r  s t ages ;  one is j u s -  
t iffed in such p r o c e s s i n g  on accoun t  of the u n i v e r s a l  r e la t ionsh ip  

0 ( x  x(C"--Cp) ) (7) 
T ,  = t  , . '  ' 

where  J ,  is the t e m p e r a t u r e  of the l iquid at t ime  r , .  F igu re  2 shows an  example  of this re la t ionsh ip  fo r  the  
s u r f a c e  t e m p e r a t u r e  of the l iquid.  The r e s u l t s  in Fig.  2 r e la te  to  the r ange  F o = 1 0 - 3 - 1 0  -1, which c o v e r s  al l  
t h r e e  t ime  i n t e rva l s .  We s e e  f r o m  (7) that  the  t e m p e r a t u r e  at  any t i m e  can  be r e p r e s e n t e d  as  a funct ion $ , ,  
r , ,  and x ( C " - C p ) / C p .  However ,  ~ ,  and r .  r e l a t e  to the init ial  s t age  and a r e  gene ra l i z ed  funct ions of the s i m -  
i l a r i t y  n u m b e r s  of (6) in r e l a t ive  f o r m ,  and one t h e r e f o r e  supposes  that  the  t e m p e r a t u r e  in the  subsequent  
s t ages  c an  be  d e s c r i b e d  by m e a n s  of  the g e n e r a l i z e d  va r i ab le s  f o r  the  ini t ial  s tage .  All  p a r a m e t e r s  of the  
p r o c e s s ,  including the  p r o p e r t i e s  of the  m e d ium,  a r e  r e f e r r e d  to the init ial  ins tant  v = 0 in the s i m i l a r i t y  n u m -  
b e r s ,  s ince  the m a x i m u m  change  in t e m p e r a t u r e  f r o m  the init ial  value does  not exceed  10% at that  s tage .  

The m e a s u r e m e n t s  w e r e  p r o c e s s e d  to g ive  g e n e r a l i z e d  re la t ionsh ips  tha t  al low one to ca lcu la te  the t ime  
c o u r s e  of the s u r f a c e  t e m p e r a t u r e  and the  l imi t ing  t imes  c o r r e s p o n d i n g  to  the va r ious  s t ages .  The kinks in 
J s - J  o =f f f ) ,  as  in Fig.  1, w e r e  used to define the bounda r i e s .  

The fol lowing e x p r e s s i o n  appl ies  f o r  the boundary  be tween  s t a tes  I and I I :  

Fo, = K  Ra*~'Pr"'(t - m)"' ( P-~I"', (8) 
k P c /  

w h e r e  K=  (4 .1•  103, n1=--0 .41  •  n 2 = - t . 5 8 •  and n 3 = n 4 = 0 . 9 4 •  in (8) and subsequent ly ,  the 
c h a r a c t e r i s t i c  s ca l e  of the  p r o c e s s  l is t aken  as  the m i n o r  r ad ius  r 1 of the to ro id .  Equat ion (8) was  de r ived  
for  the fol lowing r anges  in the c r i t e r i a :  Ra* = 0 . 3 .  101%2.0 - 1012, P r =  1.6-6.4,  m = 0 . 1 7 - 0 . 9 0 ,  pe/Pc =0.5-2 .7 ,  
and F o , =  4.1 �9 10-3-3 .7"  10 -2. 

The  fol lowing f o r m u l a  was  de r ived  fo r  ~-**, the t i m e  when the  ex te rna l  t r a n s i e n t  s ta te  ends:  

T** = K x (9) 
"g, Cp 

w h e r e  K = 0 . 1 5  •  and n = - 0 . 3 9  •  (9) was  de r ived  for  the  r ange  x ( O " - C p ) / C p  =1,0  - 10-5-2,29 �9 10 -3, 
and the r ,  of (9) was  ca lcu la ted  f r o m  (8). Also ,  (8) a l lows us to t r a n s f o r m  (9) to  

Fo , ,  = 620 l~a *-0"41 Pr - ' ' '8 (1 --  m) TM ( Pe ~o.94 .1-~ \~-c]  [ x(C"--CP)cp J (Pa) 

F o r m u l a  (Pa) was  de r ived  fo r  the fol lowing r a n g e s :  Ra* = 3" 10~ �9 1012, P r  = 1 .6-6.4 ,  m = 0.17-0.93,  Pe/ 
Pc = 0 .5-2 .7 ,  Fo** = 3 . 1 0 - 2 - 8  �9 10 -2, and x ( C " - C p ) / C p  = 1.0 �9 10-5-2.29 �9 10 -8. 

The  fol lowing ge ne ra l i z e d  re la t ionsh ip  was  de r ived  f o r  the  t e m p e r a t u r e  of the f r e e  s u r f a c e :  

T--~" = H o ~ ' _  _ ( l m r a ) n ' - x n "  (10) 

w h e r e  K = 1.29 •  n I = 0.76 •  and n 2 = 0.29 • 0.02; the  exponent n 3 in (10) is dependent  on the volume fi l l ing 
f a c t o r  m,  as  well  as  on the r a t e  of heat  t r a n s f e r  at the phase  in te r face ,  which is defined by x ( C ' - C p ) / C p ,  and 
a l so  on the mode  of the p r o c e s s  in each s tage .  F o r  ins tance ,  f o r  m -  < 0.5 ( internal  t r a n s i e n t  state) we have that  
n3=0 .94 •  , while  n 3 is g iven  by the fol lowing e x p r e s s i o n  fo r  m->0.5:  
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n3=K, [ x(C"--Cp) in', (11) 
Cp 

where  K'  = 1.82 * 0.02 and n t = 0.093 + 0.004 for  the internal  t r ans ien t  s tate,  v - ~',; whereas  K' = 1.29 • 0.01 and 
n t= 0.065 +0.003 fo r  the external  t r ans ien t  s ta te ,  v->r . .  Equation (10) de sc r ibe s  the sur face  t e m p e r a t u r e  in 
s ta tes  I and II for  the following ranges  in the p a r a m e t e r s :  

Ho, = 7.0.10 -4 - -  5.2.10 -2, 1 - -  m _ 0.1 - -  5.1, T----- 0.2 - -  5.0, 
m 

x(C"--C~,) = 1.0.10_s 2.29.10_z. 
Cp 

Formula  (8) is used to der ive  v .  fo r  (10); Fig. 3 shows curves  tor  (10). 

It follows f rom (11) that  in the internal  t r ans ien t  s ta te  ( m -  > 0.5) the range  x ( C " - C p ) / C p  = 1 .0 .10-~-2 .29 .  
10 -3 co r r e sponds  to n3= (0.62 �9 0 .03)-(1.03" 0.03); if  the l imit ing values of n 3 a r e  substi tuted into (10) and (8) is 
used,  we obtain the following express ions  for  the su r face  t e m p e r a t u r e  of the liquid: fo r  n3=0.62 , 

( qr, ~-o.24 - -m)  -~ m -''~ 
k - ~ o ]  qri \Pc~ 

and fo r  n 3 = 1.03, 

@si;~ =0.13Ra*~176 ( Pel-~176 ( qri ~-~176176 (10b) 
qri k Pc / \ ~' To ] 

Equations (10a) and (10b) re la te  to the following ranges :  F o = 3 "  10 -3 -Fo ,  [see (8)], qrl /)~T0=0.1-3.2,  and m = 
0.50-0.90. 

In the external-transient state 0n->0.5), the range x(C"-Cp)/Cp = 1.0.10-~-2.29 �9 10 -2 corresponds to 

n 3 = (0.62 * 0.02)-(0.87 + 0.02); we transform (10) with (8) to the following form for the limiting values of n3: 
for n3 = 0.62 , 

~,~' = 4 . 2 R a ,  O.OSpr-O.~ ( p e l ~  FoO.62 ( qr, ~-o.24 qrt \ Pc / ~ ~'To ] ( 1 -  gn) -0"16 m -1"05 (10C) 

and fo r  n 3 = 0.87: 

Equations (10c) and C10d) re la te  to the following ranges :  F o = F o ,  [ see  (8)] - Fo** [see  (9a)], qr i / ) ,T0=0.1 - 
3.2, and m = 0 . 5 - 0 . 9 0 .  

In the in t e rna l - t r ans i en t  s ta te ,  smal l  values of the filling number  on-< 0.5) gave  the constant  value n3= 
0.94 + 0.01 fo r  liquid oxygen and ni t rogen for  the range  x ( C " - C p ) / C p  =2.7 �9 10-3-1.7" 10-2; this value for  the 
exponent co r re sponds  to the following expres s ion fo r  the sur face  t e m p e r a t u r e  der ived f r o m  (10) and (8): 

p~/-~ FoO.O4 (qr~)-o.2~ @'~qri ----0,28 Ra*~176 ~ ( ~ c /  \~T0 (1--m)-~176 (lOe) 

fo r  n 3 = 0.94; (10e) appl ies  fo r  the range  Fo = 10 - 3 - F o ,  [see (8)], qrl/~. T O = 0 .2-2 .0 ,  and m = 0 .17-  0.50. Then (10) 
gives us the following conclusions.  The ra t e  of i nc rease  in the sur face  t e m p e r a t u r e  i t se l f  i n c r e a s e s  with the 
h e a t - t r a n s f e r  r a t e  at the phase  boundary if the other  conditions a r e  unchanged, in accordance  with (10); the 
exponent n 3 i n c r e a s e s  with the x ( C " - C p ) / C p  of I l l ) .  

In the ea se  of the high-boiling liquid (hexane), where  the m a s s - t r a n s f e r  ra te  at the phase  boundary is 
smal l  [x(CW-Cp)/Cp -~ 10-5], we found a single t e m p e r a t u r e  dependence for  s ta tes  I and II; the dependence on 
the Rayleigh and Prandt l  numbers  in (10a) is negative.  

The cryogenic  liquids (nitrogen and oxygen) gave  x (C t l -Cp) /Cp  -~10 "3, and for  these we obtained different  
re la t ionships  for  the internal  and externa l  t r ans i en t  s ta tes ,  as  (10b) and C10d) show, which is due to the d i f fe r -  
ences in the in teract ions  between the hea t -  and m a s s - t r a n s f e r  p r o c e s s e s  at  the different  s tages .  The depen-  
dence on the Rayleigh and Prandt l  numbers  in (10b) and C10d) is posi t ive .  
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Fig. 2. Surface t e m p e r a t u r e  as a function of t ime  normal ized  to 
the cor responding  t e m p e r a t u r e  and t ime  for  T,. 1) q = 254 W / m  2, 
r1=0.072 m,  hexane, x ( C " - C p ) / C p  =0.30 �9 10 -4, m=0.80 ;  2) q = 
152 W / m  2, r l =  0.096 m, oxTgen, x ( C " - C p ) / C p  = 0.60" 10 -3, m =  
0.86; 3) q = 56.5 W / m  2, r 1 = 0.072 m, nitrogen, x(C " - C p ) / c p  = 
0.35 �9 10 -3, m =  0.93; 4) q =28.3 W / m  2, r 1 =0.072 m,  nitrogen,  
x ( C " - C p ) / C p  = 0.45 �9 10 -3, m =0.90. 

Fig. 3. Genera l ized  rela t ionship for  the f r e e - s u r f a c e  t e m p e r a t u r e  
of a liquid: 1) oxygen, r1=0.096 m; 2) hexane, r1=0.072 m; 3) n i t ro -  
gen, r I = 0.09 6 m;  4) ni trogen,  r 1 = 0.072 m; Ra = 1.74 �9 109-0.65 - 1013, 
Fo = 103-0.8 - 10 -1, x(C " - -Cp) /Cp  = 0.1 �9 10-4-1.76 �9 10 -2, m =  0.17-0.90; 
N =~n3 Ho~ -7~ [ (1 - m ) / m ]  -~ 

Small re la t ive  volumes of the cryogenic  liquids (m-< 0.5) cause  n 3 to be independent of x ( C ' - C p ) / C p ,  
and the constant  value of (10e) appl ies ,  which is due to the rapid evapora t ion  under  these  conditions. Also,  
(10e) has a pos i t ive  dependence on the Rayleigh and Prandt l  numbers .  

F rom (10) we conclude that  the sense  of the effects  exp res sed  by the Rayleigh number  is dependent on 
the ra tes  of the m a s s - t r a n s f e r  p r o c e s s e s  and can a l t e r  f rom negative when the m a s s - t r a n s f e r  effect  is weak 
to pos i t ive  when m a s s  t r a n s f e r  is rapid .  

N O T A T I O N  

T, absolute  t e m p e r a t u r e ;  To, initial t e m p e r a t u r e ;  Tc,  c r i t i ca l  t e m p e r a t u r e ;  ~ =T--T0,  change in t e m p e r a -  
ture  with t ime;  Q, heat  supplied; U, in ternal  energy;  C' ,  specif ic  heat of liquid on sa tu ra t ion  line; C n, specif ic  
heat  of sa tu ra ted  vapor;  x, vapor  dryness ;  Cp, specif ic  heat of liquid at constant  p r e s s u r e ;  L, latent  heat of 
evaporat ion;  p ' ,  densi ty  on sa tura t ion  line; p",  densi ty of sa tura ted  vapor;  S, su r face  a r e a  of vesse l ;  l ,  c h a r -  
ac t e r i s t i c  dimension;  Ra*, Raylelgh number;  Fo, Four i e r  number;  P r ,  Prandt l  number;  x ( C " - C p ) / C p ,  flow- 
dis t r ibut ion c r i t e r i o n  for  the vapor  sys tem;  k, coeff icient  of propor t ional i ty ;  n, exponent; V, volume of vesse l ;  
V l, volume of liquid; g, acce l e ra t ion  of gravi ty ;  fl, volume expansion coefficient;  u, k inemat ic  v iscosi ty ;  a ,  
t h e r m a l  diffusivity;  ~, t h e r m a l  conductivity.  
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